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In this review we summarize the ongoing effort to study extra-dimensional gauge the-
ories with lattice simulations. In these models the Higgs field is identified with extra-
dimensional components of the gauge field. The Higgs potential is generated by quantum
corrections and is protected from divergencies by the higher dimensional gauge symme-
try. Dimensional reduction to four dimensions can occur through compactification or
localization. Gauge-Higgs unification models are often studied using perturbation the-
ory. Numerical lattice simulations are used to go beyond these perturbative expectations
and to include non-perturbative effects. We describe the known perturbative predictions
and their fate in the strongly-coupled regime for various extra-dimensional models.
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1. Gauge-Higgs unification: a scalar from extra dimensions
The Higgs sector of the Standard Model is the only one containing an elementary
scalar field. After the discovery of the Higgs boson1,2 and the measurements of its
couplings at the LHC in recent years, we know that the Higgs sector is a remarkably
good effective description of low-energy electro-weak physics. However, we would
like to explain why the Higgs mass is so light and we would like to know if the
spontaneous symmetry breaking (SSB) mechanism described by Brout, Englert and
Higgs3–5 has a more profound origin, maybe from a more complete theory at high
energy. The recent observation of a diphoton excess in the scalar channel at a
bout 750 GeV at the ATLAS and CMS experiments,6,7 if confirmed, will find no
explanation within the Standard Model, bringing forth the need for a more general
theory.
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Fig. 1. The figure shows the desired separation of energy scales in a five-dimensional theory with
cutoff ΛUV and compactification scale ΛR =
1
2piR
. The shaded area is the region where we expect
the scalar mass m5 to be described by Eq. (1).
Intriguingly, the existence of hidden extra dimensions8,9 can address both the
lightness of the Higgs and the origin of SSB, while providing a natural framework
for the unification of gauge forces. The idea that the Higgs field may be directly
related to the components of extra-dimensional gauge fields was first discussed in
Ref. 10 and it is the foundational concept thorough all the models we discuss in this
review.
Five-dimensional Yang–Mills theories compactified on a circle have a light scalar
mode, whose mass renormalization m5 in perturbation theory is protected by the
remnant of the higher-dimensional gauge symmetry.11–17 The extra-dimensional
gauge theory is naively non-renormalizable and is regulated with a cutoff ΛUV,
which interestingly does not affect the quantum corrections to the scalar mass at
one loop:
m25 =
9g25Nc
32pi5R3
ζ(3) , (1)
where g5 is the five-dimensional gauge coupling and ζ is the Riemann Zeta-
function. a
This relation is true if the details of the regularization can be neglected at
the scale of compactification, ΛR ∼ R−1  ΛUV, but its validity is restricted to
the weak-coupling region. Lattice simulations are able to access non-perturbative
physics, and numerically investigate the theory in the regime where the hierarchy of
scales is such that the low-energy physics is described by a four-dimensional effective
theory with a light scalar particle and check if Eq. (1) holds. The desired separation
of scales is pictorially shown in Fig. 1. This scenario is summarized in Sec. 3.
The scalar particle that is present in the dimensionally reduced theory is in
the same representation of the gauge group as the extra-dimensional gauge field.
Therefore, the compactification mechanism broadly described above for a pure gauge
theory will provide an adjoint scalar, which can not describe the Higgs particle. A
fundamental scalar can be obtained if the extra dimension is compactified on an
orbifold instead of a circle. This scenario is reviewed in Sec. 5 and has the additional
advantage to provide a description for chiral fermions from an extra dimension.
a Eq. (1) applies to a circular extra dimension. If it is an interval (orbifold), there is an extra factor
1/2.
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In perturbation theory, Eq. (1) arises from an effective potential that is gen-
erated by radiative correction. This effective potential has a trivial minimum in
a Yang–Mills theory, but is modified by the addition of fermions in the adjoint
or in the fundamental representation. The fermionic effects destabilize the trivial
minimum and a vacuum that breaks the gauge symmetry is possible. This is the
basis of the Hosotani mechanism11 whose non-perturbative application is explored
in Sec. 4. There exists an alternative non-perturbative mechanism of spontaneous
gauge symmetry breaking. It takes place on the orbifold (but not on the torus) and
relies on the SSB of a global symmetry in accordance with Elitzur’s theorem.18 This
will be discussed in Sec. 5.
Dimensional reduction to four dimensions can occurr if the extra dimension
becomes compact. This is the Kaluza–Klein mechanism. Another mechanism is lo-
calization. In flat space localization can be realized in a way similar to the layered
phase.19 At present, the searches that the LHC performs for discovering extra di-
mensions are connected to the compactification scenario. It is possible that if there
exists an extra dimension with an underlying localization mechanism at work, the
experimental signatures may be different.
The review is structured as follows. In Sec. 2 we introduce the general setting
used to study extra-dimensional models on the lattice by numerical Monte Carlo
simulations and in mean-field analytical calculations that we also introduce in the
same section. Sec. 3 is devoted to a summary of results for Yang–Mills theories
in more than four dimensions with toroidal boundary conditions. Then we discuss
theories with fermions and the accompanying Hosotani mechanism in Sec. 4. Finally,
we report the results of the study of Yang–Mills theories with orbifold boundary
conditions and the non-perturbative realization of gauge-Higgs unification in Sec. 5.
We do not discuss extra-dimensional supersymmetric models or the importance
of extra dimensions in string theories and other theories of gravity. Lattice studies
in those directions are covered by other reviews of this series (Supersymmetry and
Gauge/Gravity duality).
2. Extra-dimensional gauge theories on the lattice
Lattice methods are useful to investigate the phase diagram of extra-dimensional
gauge theories and to study the non-perturbative viability of various mechanisms for
dimensional reduction. In order to have a self-contained description, in this section
we summarize different geometries studied on the lattice and, in later sections, we
will describe their emerging properties and phase diagrams.
2.1. Torus geometry
The original mathematical idea of extra dimensions8,9 relies on the existence of a
compactification radiusR. On a torus geometry, where periodic boundary conditions
for the gauge fields are imposed in all directions, compactification can be easily
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achieved by reducing the size of the extra dimension L5 = 2piR below a critical
value L5c and keeping the other dimensions large.
It is rather straightforward to study this compactified theory on the lattice. As
a first step we discretize the continuum five-dimensional Euclidean action using the
Wilson plaquette action. For an SU(Nc) gauge theory on the torus this is given by
20
StorW =
∑
nµ
N5−1∑
n5=0
[
β4
Nc
∑
µ<ν
Re Tr {1− Uµν(nµ, n5)}+
β5
Nc
∑
µ
Re Tr {1− Uµ5(nµ, n5)}
]
, (2)
where β4 and β5 denote the lattice coupling in the four standard dimensions and in
the fifth (extra) dimension respectively, UMN (nµ, n5) with M,N = 0, 1, 2, 3, 5 is the
plaquette in directions M and N located on lattice site indexed by nµ in the four
standard dimensions and n5 in the extra dimension. This is a standard choice.
21–26
The action Eq. (2) with the lattice couplings β4 and β5 allows for different lattice
spacings a4 and a5, where a4 denotes the lattice spacing in the usual four dimensions
and a5 denotes the lattice spacing in the extra dimension. This is naturally suited
for choosing the size of the extra dimension L5 = 2piR = N5a5 independently from
the size of the four dimensional space-time L = N4a4. Here N4 and N5 are the
number of lattice points in each of the four directions and in the fifth direction,
respectively.
An equivalent parametrization for Eq. (2) uses β =
√
β4β5 and γ =
√
β5/β4. In
the classical limit (a4, a5)→ 0
γ =
a4
a5
and β =
2Nca4
g25
, (3)
where g5 is the dimensionful continuum gauge coupling. Therefore, γ is often called
the anisotropy coefficient, giving a tree-level prediction for the ratio of lattice spac-
ings. The non-perturbative anisotropy ξ can be directly measured by looking at
ratios of lattice correlation functions.27
The regime where γ > 1 is clearly associated with a small spacing in the extra
dimension a5 compared to a4. The size of the extra dimension with respect to the
four-dimensional lattice spacing can be written as N˜5 = N5/γ. On the other hand,
the regime where γ < 1 is associated with a larger lattice spacing along the extra
dimension than in the four-dimensional hyperplanes orthogonal to it. In the limit
β5 = 0 the action Eq. (2) describes N5 independent copies of four-dimensional gauge
theories on the hyperplanes. The regime at γ < 1 is connected with this limit.
As a second step in the study of extra-dimensional theories on the lattice, differ-
ent values for dimensions (L,L5) and the gauge coupling g
2
5 of the continuum theory
can be probed by modifying the parameters of the lattice model (N4, N5, β4, β5). In
the lattice model’s parameter space, physical properties of the low energy regime of
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the theory, such as a mass gap or the static potential, are studied with traditional
lattice methods described in the Introduction by the editors.
We should note that five-dimensional gauge theories are perturbatively non-
renormalizable, due to the negative mass dimension of the gauge coupling g5. In the
continuum if the cutoff of the theory is infinite the coupling is necessarily zero. On
the lattice the cutoff is given by the inverse lattice spacing a−14 . The only continuum
limit a4 → 0, which is known to exist so far, is the perturbative trivial limit.
Triviality can also be understood by considering the one-loop renormalization of
the effective four-dimensional coupling g24 = g
2
5/(N5a5).
28,29
2.2. Orbifold geometry
The orbifold theory we consider here is defined in the five-dimensional domain
I = {nµ, 0 ≤ n5 ≤ N5} with volume Nt × N3s × N5. The Wilson action for an
SU(Nc) gauge theory on this orbifold is given by
30,31
SorbW =
∑
nµ
[
β4
Nc
N5∑
n5=0
∑
µ<ν
w Re Tr {1− Uµν(nµ, n5)}+
β5
Nc
N5−1∑
n5=0
∑
µ
Re Tr{1− Uµ5(nµ, n5)}
]
, (4)
which follows the parametrization of Eq. (2). The weight w is due to the orbifold
geometry and is set to 12 for plaquettes on the boundary and 1 elsewhere. Lattice
gauge fields on the orbifold obey the boundary conditions
Uµ(nµ, n5) = g Uµ(nµ, n5) g
−1 , for n5 = 0, N5 . (5)
The matrix g is an element of SU(Nc) such that g
2 is in the center ZNc of SU(Nc).
The boundary conditions Eq. (5) break in general the gauge group SU(Nc) down to
a subgroup H on the orbifold boundaries according to the pattern SU(p + q) −→
SU(p) × SU(q) × U(1) (see for example Ref. 32). As an example, for gauge group
SU(2) the choice g = −iσ3 breaks the gauge group to U(1) on the orbifold bound-
aries.
The operators representing the scalar and vector particles on the orbifold
are defined as follows. The left-to-right boundary-to-boundary-line is denoted by
l(nµ) =
∏n5=N5−1
n5=0
U5(nµ, n5). Starting from the Polyakov loop on the torus, its
orbifold projection yields p = l g l† g†, which is a field living on the left bound-
ary (an analogous field living on the right boundary can also be defined). Scalar
operators can be defined as
P = tr (p) or H = tr (hh†) (6)
using for h the expression
h(nµ) =
1
4N5
[p(nµ)− p†(nµ), g] . (7)
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Vector gauge boson operators can be defined as
Z(nµ) = tr
(
g Uk(nµ, n5 = 0) h(nµ + kˆ) Uk(nµ, n5 = 0)
† h(nµ)
)
. (8)
These operators were introduced in Ref. 33.
The theory defined by Eq. (4) possesses a global stick symmetry, S.34 This
symmetry is defined by the combination S = SL · SR, where SL is a symmetry
defined on the left boundary via
U5(n5 = 0)→ g−1s U5(n5 = 0) and Uν(n5 = 0)→ g−1s Uν(n5 = 0) gs . (9)
(We suppress here the coordinate nµ.) The symmetry SL is generated by an element
gs with {g, gs} = 0, which is not a gauge or center transformation. gs is an element
of the generalized Weyl group, WSU(Nc)(H) = NSU(Nc)(H)/H, which is the coset
of the normalizer of H in SU(Nc) divided by H.
35 As an example, for the SU(2)
orbifold with g = −iσ3, a stick matrix is gs = −iσ1. SR can be defined on the right
boundary in an equivalent fashion.
U5(n5 = N5−1)→ U5(n5 = N5−1) gs and Uν(n5 = N5)→ g−1s Uν(n5 = N5) gs .
(10)
The scalar operators in Eq. (6) are invariant under the stick symmetry S while the
gauge boson operator in Eq.(8) is odd under this symmetry. This latter property
plays an important role as we will see in Sec. 5.2.
2.3. Mean-field approach
The mean-field approach to lattice gauge theory is reviewed in Ref. 36. We briefly
introduce it here. The link variables U in SU(Nc) are traded for the unconstrained
complex variables V and the Lagrange multipliers H used to represent the δ func-
tions δ(V − U). The partition function for gauge action SW can be rewritten as
Z =
∫
D[V ]
∫
D[H] e−Seff [V,H] ,
Seff = SW [V ] +
∑
n,M
[u(HM (n)) + (1/Nc)Re tr {HM (n)VM (n)}] (11)
where the effective mean-field action u(H) for a given link UM (n) is defined via
e−u(H) =
∫
dUM (n) e
(1/Nc)Re tr {UM (n)H} . (12)
The mean-field or zeroth order approximation amounts to finding the minimum
of the effective action. On a periodic isotropic lattice the variables V and H are
set proportional to the unit matrix, H = H¯ 1 and V = V¯ 1. The zeroth order
saddle point solution or ”mean-field background” H¯ and V¯ can be easily obtained
by taking derivatives of Seff in Eq. (11) with respect to V and H and require them to
vanish. Gaussian fluctuations are defined by setting H = H¯+h and V = V¯ +v. For
the calculation of corrections stemming from fluctuations gauge fixing is necessary.
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Covariant gauge fixing on v is a practical choice. In Ref. 37 it was shown that this
is equivalent to gauge-fix the original links U . We denote the quadratic part of the
effective action by
S(2)[v, h] =
1
2
[
hTK(hh)h+ 2vTK(vh)h+ vT (K(vv) +K(gf))v
]
, (13)
where K(gf) is the contribution from the gauge fixing term. The expectation value
〈O(U)〉 of an observable O to first order in the mean-field expansion is given by
〈O〉 = O[V ] + 1
2
tr
{
δ2O
δV 2
∣∣∣∣∣
V¯
K−1
}
, (14)
where the propagator K is defined as
K = −
(
K(hh)
)−1
+K(vv) +K(gf) (15)
and the second derivative of the observable is evaluated in the mean-field back-
ground. Masses are calculated by evaluating the connected two point point function
C(t) of a time dependent observable O(t) in the mean-field expansion. To first order
in the fluctuations the expression reduces to C(t) = C(1)(t) with
C(1)(t) =
1
2
tr
{
δ(1,1)O(t0 + t)O(t0)
δ2V
K−1
}
, (16)
where the notation δ(1,1) means one derivative acting on each of the O(t0 + t) and
O(t0). The mass of the lowest lying state is then m = limt→∞ ln C
(1)(t)
C(1)(t−1) .
Caveats of the mean-field are the gauge dependence of the background, the
lack of guarantee that the expansion converges and the appearance of fake phase
transitions. Concerning the gauge dependence, physical observables are found to be
independent on the gauge fixing for the class of gauges considered in Refs. 22,38. The
mean-field corrections come multiplied by powers of 1/d (where d is the number of
dimensions) and therefore convergence is expected to become better as the number
of dimensions increases. In order to check for the possibility of mean-field artifacts it
is crucial to perform Monte Carlo simulations. As we will see in Sec. 3.4 and 5.1, it
turns out that the mean-field in five dimensions captures the qualitative properties
(like dimensional reduction or spontaneous symmetry breaking) of the system.
2.3.1. Mean-field on the torus
We present a quick way to determine the mean-field background. The starting point
are the link averages. In the case of SU(2) the link average is defined by (see for
example Ref. 39)
〈U〉 =
∫
SU(2)
dU U e
1
2 tr (UB
†)∫
SU(2)
dU e
1
2 tr (UB
†)
= V
I2(b)
I1(b)
, (17)
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where B = bV , b ∈ R and V ∈ SU(2). The matrix B originates from the gauge
action and is equal, up to a factor, to the sum of the staples. In the case of U(1)
the link average gives (cf. Ref. 38)
〈U〉 =
∫
U(1)
dU U eRe (UB
∗)∫
U(1)
dU eRe (UB∗)
= V
I1(b)
I0(b)
, (18)
where B = bV , b ∈ R and V ∈ U(1).
Consider the case of SU(2) on a d dimensional torus. The action is a generaliza-
tion of Eq. (2) to d dimensions where we set β4 = β5. The mean-field background
is parametrized by the mean-link U = u × 12. The consistency condition that the
link average Eq. (17) is equal to the mean-link, yields the relation
b = 2(d− 1)β u3 , u = I2(b)
I1(b)
. (19)
It can be easily solved by numerical iteration.
The generalization of Eq. (19) to the anisotropic gauge action is given in Ref. 22,
where the five-dimensional SU(2) gauge theory is considered. There explicit formulae
for the calculation of the scalar and gauge boson masses as well as for the static
potential including fluctuations at leading order are presented.
2.3.2. Mean-field on the orbifold
On the orbifold translation invariance is broken. The mean-links are set to
Uµ(n) = u(n5) × 12 , n5 = 0, . . . , N5
U5(n) = u(n5 + 1/2) × 12 , n5 = 0, . . . , N5 − 1
Equating each link to its link average yields a system of equations31,38 which can
be solved by numerical iteration. The link averages for the U(1) boundary links are
computed using Eq. (18) and for the SU(2) links using Eq. (17).
On the orbifold the calculation of the inverse propagator in Eq. (15) is compli-
cated by the breaking of translational invariance. This calculation is presented in
Ref. 38. There explicit formulae for the calculation of the scalar and gauge boson
masses as well as for the static potential including fluctuations at leading order are
also presented.
2.4. Other models
In this section we present other models where five-dimensional gauge theories have
been studied. The first is a formulation of these theories with a warped metric to
study gauge field localization. The second is a Lifshitz-type anisotropic formulation
to study the possibility to take a continuum limit.
Motivated by the Randall-Sundrum model40,41 to localize gravity to four dimen-
sions, in Ref. 42 five-dimensional gauge theories have been considered on a warped
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background. The action is
SAdS5W =
∑
nµ
N5−1∑
n5=0
[
β4
Nc
∑
µ<ν
Re Tr {1− Uµν(nµ, n5)}+
β5
Nc
∑
µ
Re Tr {1− f(n5) Uµ5(nµ, n5)}
]
, (20)
where f(n5) = exp(−2kn5) is called the warp factor. So far Eq. (20) has been studied
using the mean-field method only. The unconstrained variables V in Eq. (11) can be
rescaled to absorb the warp factor in SAdS5W (V ). A rescaling of H is then performed
to keep the product HV unchanged. The resulting equations for the mean-field
background with warping are similar to the ones discussed in Sec. 2.3.2 for the
orbifold geometry. In Ref. 42 the phase diagram and the static potential have been
studied for Nc = 2. In particular fits to the static potential have been performed
and a Yukawa mass could be extracted. Close to the phase transition between the
deconfined and the layered phase the shape of the static potential is consistent with
a nonzero four-dimensional Yukawa mass, hinting at the existence of a Higgs phase.
Earlier lattice studies of warped models in the context of gauge field localization
were carried out in Ref. 43.
In Ref. 44 SU(Nc) Lifshitz-type anisotropic gauge theories proposed by Horˇava
were discretized on the lattice. The lattice Horˇava–Lifshitz action in D + 1 dimen-
sions is given by
S =
βe
2Nc
∑
n
D∑
i=1
Re Tr {1− U0i(n)}+ βg
2Nc
∑
n
D∑
j=1
Re Tr
1−
D∏
i=1
i 6=j
Tij(n)
 , (21)
where Tij are twisted 2× 1 Wilson loops in the (i, j) plane, see Ref. 44. The “time”
direction is idicated by the subscript 0 and i, j = 1, . . . , D are the spatial directions.
The peculiarity of Eq. (21) is that the lattice spacing b in the temporal direction
has mass dimension −2 and the lattice spacing a in the spacial directions has di-
mension −1. The renormalization group equation at one-loop shows that the theory
is asymptotically free and the continuum limit is achieved at βe, βg → ∞.44 First
lattice simulations of the SU(3) Lifshitz-type theory present some evidence for this.
There is no first order phase transition visible in the action density. The expectation
values of spatial Wilson loops are found to be zero within errors consistently with
the absence of a term with spatial plaquettes Uij in Eq. (21).
3. Pure gauge theory with compact extra dimensions
In the following we summarize results from several numerical studies of the sim-
plest non-Abelian extra-dimensional theory on the lattice, namely the SU(2) Yang–
Mills theory on a five-dimensional torus with anisotropic lattice spacings, a4 6=
a5.
20,21,23–26 Some lattice details are introduced in Sec. 2.1. Historically, this model
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with a4 = a5 was studied in the late seventies.
45 It was recently extended to higher
dimensions d > 5 in order to test mean-field predictions.46 This field of research has
proven to be of great interest for a long time.
3.1. Phase diagram
The phase diagram of the lattice model has a rich structure that can be identified
by looking at the Polyakov loop expectation values along the fifth dimension as a
function of the bare parameters. Three regions can be highlighted. The location
of these regions in the coupling space is summarized in Fig. 3. When all the five
 0
 1
 2
 3
 4
 5
 0.5  1  1.5  2  2.5  3
β 5
β4
Layer
Phase
Confined Phase
(Strong-coupling)
Deconfined Phase
(5D Coulombic)
γ=1
Fig. 2. A sketch of the phase diagram of the anisotropic SU(2) Yang–Mills model, taken from
Ref. 47.
dimensions are large, the system undergoes a first order quantum (bulk) phase
transition45 separating a confined phase from a Coulomb phase (red solid line in
Fig. 2).
When the fifth dimension is compactified at γ > 1 where L5  L, this bulk
phase transition becomes a second order phase transition separating a confined
phase from a dimensionally reduced phase with a non-zero four-dimensional string
tension and a non-zero scalar mass.24,26 This phase transition line changes with N5
and corresponds to a fixed critical value of the compactification radius 2piR = N5a5.
It is indicated in Fig. 2 by a green dashed-dotted line. The region with the desired
separation of scales to describe a four-dimensional gauge theory with a light scalar
lies just above this phase transition.
At γ < 1, where a5 > a4, a different region called Layer phase
23,25 appears
as predicted by mean-field calculations.22,48 In this region, the planes transverse
to the fifth dimension behave as if they were decoupled from each other, indicat-
ing that degrees of freedom are localized on the four-dimensional slices. Mean-field
predictions hint at a second order phase transition in this region (dotted red line
in Fig. 2), but Monte Carlo simulations have not been able to conclusively deter-
mine this feature.47 A similar localization mechanism was first observed for a U(1)
Abelian gauge theory49–51 with mean-field and Monte Carlo methods: the potential
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along d = 4 hyperplanes is Coulombic, why it is confining in the bulk, constraining
fields to fluctuate only in four-dimensions. Another idea, that achieves localization,
relies on topological defects, like a domain wall, and was demonstrated in Ref. 52:
a confining potential in the bulk becomes deconfining on the defect, where a theory
with a reduced gauge symmetry group is realized. An exploratory lattice study was
carried over in Ref. 53.
To conclude, the phase diagram of the d = 5 SU(2) Yang–Mills theory on the
lattice does not contain a second order phase transition or a critical point where a
five-dimensional continuum theory can be defined non-perturbatively (contrary to
expectations from the -expansion54,55). However, regions of parameters where the
theory dynamically reduces from five to four dimensions exist at γ > 1 and γ < 1.
This phase diagram study has been extended to the larger gauge group of SU(3)
in Ref. 56 and Ref. 57. The reader should refer to those references for further details.
3.2. Spectrum and static potential
The nature of the dimensionally reduced theory can be checked with non-
perturbative calculations of the spectrum and of the static potential.
At γ > 1, the system is characterized by three energy scales ΛUV ≈ 1a4 ,
ΛR ≈ 1N5a5 and m5, pictorially shown in Fig. 1. They were calculated for various
values of the bare parameters of the lattice model β4, β5 and N5 (in the large-N4
limit)24,26 in units of the four-dimensional lattice spacing, before rescaling them in
units of the four-dimensional string tension. In other words, the lattice model can
now be described in terms of what a four-dimensional observer would measure: the
string tension
√
σ is the inverse of the characteristic length in d = 4. Clearly this
information is sufficient to check if the picture of Fig. 1 holds non-perturbatively.
Technically, the measurement of the four-dimensional string tension in units of
the lattice spacing, a4
√
σ, is done utilizing temporal correlation functions of spatial
Polyakov loops (averaged over the fifth dimension). The measurement of the scalar
mass, again in units of the lattice spacing, a4m5, is instead performed using correla-
tors of different types of four-dimensional scalar interpolating operators. For exam-
ple, a scalar operator from the four-dimensional point of view is the Polyakov loop
wrapping around the fifth dimension. Another scalar operator in a four-dimensional
gauge theory is a glueball operator (a rotationally invariant combination of closed
Wilson paths in three dimensions). They both carry scalar quantum numbers but
the first is intrinsically related to the extra-dimensional nature of the system. Using
both types of scalar operators is useful in disentangling extra-dimensional contribu-
tions to the scalar spectrum. A careful study of the scalar spectrum for a specific
set of lattice parameters is reported in Ref. 26 and the validity of Eq. (1) in the
non-perturbative regime is confirmed.
At γ < 1, in the layer phase, the static potential was studied numerically25 to
check the mean-field prediction48 that d = 4 hyperplanes decouple, giving rise to
an effective dimensionally reduced SU(2) Yang–Mills theory plus an adjoint scalar.
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The static potential along the hyperplanes orthogonal to the fifth dimension is com-
patible with a four-dimensional description25 along the bulk phase transition line,
but still in the confined phase (β5 < β
crit
5 ). Moreover, the temporal Polyakov loops,
in the phase where they have a non-zero expectation value, fluctuate independently
depending on which d = 4 hyperplane they originate from: at each x5 coordinate
along the extra dimension they have different central values. Both these observa-
tions support the notion that dimensional reduction happens at γ < 1 due to a
localization mechanism along the d = 4 hyperplanes.
3.3. Dimensional reduction and continuum limit
m5
5N
~
5β0
4d YM
4d YM
σ
σ
               fixed
      /        fixed
4d YM + adj. Higgs
                a
dimensionally reduced phase
confining phase
Fig. 3. A sketch of the lines of constant physics for the anisotropic SU(2) Yang–Mills model,
taken from Ref. 24.
The non-perturbative studies of the scalar mass and of the static potential
for the anisotropic SU(2) Yang–Mills model are useful to determine the effective
dimensionally-reduced description of the theory in different regions of the phase
diagram, and the corresponding lines of constant physics. Without lattice calcula-
tions, these lines can only be guessed with perturbative predictions and may miss
important non-perturbative contributions.58
The region at γ > 1 has been studied with great details and accuracy by differ-
ent groups.24–26 A sketch summarizing the results, taken from Ref. 24, is reported
in Fig. 3. The figure shows a phase diagram in the (β5,N˜5) plane (cfr. Sec. 2.1)
where a phase transition line of second order separates the confined phase from the
dimensionally reduced phase where L5 is small, as described in Sec. 3.1.
The dashed lines on the right of the phase transition describe the perturba-
tive behavior of a constant four-dimensional string tension and were checked non-
perturbatively.24,26 Similarly, the solid lines represent constant m5/
√
σ, again fol-
lowing a perturbative expectation that had been checked with lattice numerical
methods.24,26
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A line of constant scalar mass m5 in units of the four-dimensional theory
√
σ
represents a Yang–Mills theory with an adjoint scalar field. Along this line, the
cutoff is removed by going to larger N˜5 values: the separation between the cutoff
and the compactification scale increases. The scalar particle can be light or heavy
depending on the size of the extra dimension, with the lightest one being closest to
the phase transition line (where the correlation length 1/m5 diverges). Any direction
but the one along a constant m5/
√
σ line results in a pure d = 4 Yang–Mills theory
when the cutoff is removed. This can be easily seen because lines with heavier
m5/
√
σ are crossed in doing so: the scalar field decouples and can be integrated
out. This is consistent with the na¨ıve non-renormalizability of a five-dimensional
theory: removing the cutoff always yield a four-dimensional Yang–Mills theory in
the dimensionally-reduced phase.
The direction at constant N˜5 was explicitly checked non-perturbatively in
Ref. 26: the lightest scalar of the theory becomes a glueball state as β5 is increased
and the scalar coming from compactification is pushed to higher energies. A striking
feature of this phase diagram, which is perhaps unexpected, is that the theory is
also a four-dimensional Yang–Mills theory along the direction at fixed β5 (as long
as the phase transition is avoided.) This direction corresponds to increasingly large
compactification radius in units of the four-dimensional cutoff. The theory we end
up with does not know about its extra-dimensional origin, even when the extra
dimension is large: this approach to dimensional reduction was already suggested
in the framework of D-theories.56,59,60
3.4. Mean-field results on the torus
The investigation of the lattice phase diagram with Monte Carlo methods was in-
spired by mean-field calculations described in Sec. 2.3. The mean-field expansion
has been applied to the anisotropic SU(2) gauge theory on a periodic lattice in five
dimensions in Refs. 22,48. The extension of the calculation to SU(Nc) was done in
Ref. 61.
The mean-field phase diagram has three phases: a confined phase, where the
background vanishes everywhere; a deconfined phase, where the background is non-
zero everywhere; and a layered phase, where the background vanishes along the
fifth dimension and is nonzero elsewhere. In Ref. 22, by analyzing the shape of the
static potential, two regions were identified, where dimensional reduction occurs.
One region is for the anisotropy parameter in Eq. (2) γ  1 and it corresponds to a
compact extra dimension. The other region is for γ < 1 close to the phase transition
into the layered phase. For sufficiently small γ < 1 the phase transition, as seen
by the mean-field, turns from first to second order. When it is of second order a
continuum limit can be taken. In this case, dimensional reduction by localization on
the four-dimensional slices orthogonal to the extra dimension was shown in Ref. 48.
Although Monte Carlo studies did not confirm the existence of a second order
phase transition, they show hints for dimensional reduction through localization at
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γ < 1.25
The mean-field expansion is expected to work better when the number of di-
mensions d is increased. On the isotropic torus the critical value βMFc separates the
confined from the Coulomb phase. An interesting observation was made in Ref. 46.
The combination (d− 1)βMFc which fulfills Eq. (19) is independent on the number
of dimensions d. This leads to the relation
(d− 1)βMFc ' 6.704840 . (22)
This relation is compared to the location of the phase transition from Monte Carlo
simulations in d = 5, 6, 7, 8 and shows a nice agreement.
4. The Hosotani mechanism on the lattice
The Hosotani mechanism11,62 has been established only in perturbation theory,
where an effective potential Veff(θH) can be calculated for the Aharonov-Bohm phase
θH, whose fluctuations correspond to the Higgs mass, and remains free of divergences
at one loop. This spontaneous symmetry breaking mechanism that gives rise to the
Higgs and vector boson masses in the extra-dimensional formalism was confirmed
non-perturbatively with lattice field theory methods in Ref. 63.
Different realizations of gauge symmetry breaking described by the Hosotani
mechanism, correspond to different minima in Veff(θH). The minima of the effective
potential are located at different values of θH which are probed by looking at the
expectation value of the Polyakov loop in the compact direction y:
W (x) = P exp
(
ig
∫ 2piR
0
dy Ay(x, y)
)
, (23)
where g is the gauge coupling constant and Ay(x, y) the gauge potential in the com-
pact direction with radius R. The eigenvalues of W (x), denoted by {eiθ1 , eiθ3 , eiθ3},
are the elements of the Aharonov-Bohm phase in the compact dimension and rep-
resent the dynamical degrees of freedom which will become the longitudinal com-
ponents of the vector boson fields and of the Higgs field in a complete Gauge-Higgs
Unification scenario.
Ref. 63 studied the phase diagram of a (3 + 1)-dimensional SU(3) lattice gauge
theory with fermions in the adjoint (ad) and in the fundamental (fd) representation
with a compact direction. The Hosotani mechanism works generically with any
space-time dimensionality, and this lattice theory is simpler to study than its five-
dimensional counterpart (due to the inherent difficulty of formulating discretized
versions of the fermionic algebra in extra dimensions). The minima of Veff(θH) are
investigated non-perturbatively in this setup.
The lattice version of Eq. (23), denoted by P3, and its adjoint counterpart, P8,
are computed for different values of gauge coupling β and fermion masses mfd, mad,
as well as different boundary conditions αfd for the fundamental fermions in the
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compact direction. The distribution of eigenvalues of P3 is compared to the values
of θH = (θ1, θ2, θ3) at the minima of the perturbative one-loop effective potential.
Let us focus on the case where the SU(3) gauge theory is coupled to two massive
adjoint fermions with periodic boundary conditions on the toroidal lattice.64 By
looking at the expectation value of P3, one can identify four different phases at
fixed mad as the extra dimension size decreases by increasing β: they are called,
in order, X, A, B and C. Perturbatively, different phases are related to different
configurations of the minima of Veff(θH) and they appear as the product madR gets
smaller.
The X phase corresponds to a confined SU(3) symmetric phase which disappears
when the extra dimension starts to shrink. The A phase corresponds to a degenerate
triplet of minima for the effective potential: P3 takes the values of the cubic root
of unity with equal probability and the θi eigenvalues are always degenerate for
each case (modulo the Haar measure). This phase is deconfined, but still SU(3)
symmetric. If one keeps driving R to zero, the B phase appears (called split in
the original study64): in terms of the Hosotani mechanism, this phase corresponds
to the SU(3) gauge symmetry being broken to SU(2) × U(1) and this can be seen
by investigating the eigenvalues θi. Again there is a triplet of minima where two
elements of θH are degenerate while the third is different. At last, the C phase,
originally called reconfined ,64 has 〈P3〉 = 0, but it corresponds to a U(1)×U(1) gauge
symmetry, where the eigenvalues θi take maximally displaced values: (0,
2
3pi,− 23pi).
In the B and C phases, the masses of the adjoint scalars are calculated by looking
at the fluctuations around the minima of the potential and they agree with the
perturbative predictions.
The correspondence between the perturbative Hosotani mechanism and the non-
perturbative phases on the lattice was also checked for the case of a SU(3) gauge
theory with four fundamental fermions by changing their temporal boundary con-
ditions. However, these studies have not attempted to investigate if this correspon-
dence survives in the continuum limit of the lattice theory.
It is interesting to note that the lattice phase diagrams for the two theories
described above were originally investigated for reasons that are not related to the
Hosotani mechanism. The theory with adjoint fermions was studied in Ref. 64 to
study volume independence in the orientifold planar equivalence.65 On the other
hand, different boundary conditions for fundamental fermions were studied in the
context of finite density QCD with imaginary chemical potential.66
A first study of a four-dimensional theory, where spontaneous symmetry break-
ing is induced by the Hosotani mechanism in five dimensions, was performed in
Ref. 67. An external potential hfdRe (TrP5) + had|TrP5|2, based on the Polyakov
loop in the extra dimension P5, is used to mimic the presence of adjoint fermions
and break the gauge symmetry. In the vacuum where the gauge symmetry group is
U(1)×U(1) (cfr. the C phase above), a topological excitation which is gauge invari-
ant only under a U(1) group, namely an Abelian flux, is found to be stable, while
it would immediately disappear when the full SU(3) gauge symmetry is restored by
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switching off the external potential.
5. Non-perturbative gauge-Higgs unification
The phenomenological interest in orbifold theories relies on the possibility to break
spontaneously the boundary gauge group H (see Sec. 2.2) and doing so to re-
produce the Higgs mechanism of the Standard Model. Perturbative calculations of
the effective potential for the extra-dimensional scalar indicate that spontaneous
symmetry breaking cannot occur unless fermions are included, see Ref. 68. The
perturbative limit of these theories is trivial and one wonders about the situation in
the non-perturbative regime. The findings of the earlier Monte Carlo studies of the
SU(2) pure gauge theory on the orbifold33,69 showed indeed evidence for a massive
gauge boson.
5.1. Mean-field results on the orbifold
0 0.02 0.04 0.06 0.08 0.1
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
a4mH
ρ H
Z′
=
m
H/m
Z′
ρHZ=1.38, F1=0.61, on the boundary
 
 
fit 2.7124 (a4mH)+0.1272
ρHZ′
Fig. 4. The ratio mH
mZ′
computed in mean-field on the orbifold. From Ref. 70.
A first attempt to probe analytically five-dimensional gauge theories on the
orbifold away from the trivial perturbative limit was made in Ref. 29. Including the
effects of a finite lattice spacing in the Coleman-Weinberg computations71 of the
effective potential leads to the possibility of spontaneous symmetry breaking in the
pure gauge theory, contrary to the expectation based on perturbative calculations 68
but in accordance with the Monte Carlo results .33,69 A further verification of
the existence of spontaneous symmetry breaking was provided by the mean-field
calculations in Refs. 38, 70. The scalar mass is extracted from the correlator of
scalar Polyakov loops. The gauge boson mass is obtained by determining a four-
dimensional Yukawa mass from the static potential.38 It turns out to be non-zero
on the orbifold in the limit of an infinitely large boundary, which is the evidence for
the spontaneous breaking of the boundary U(1) gauge symmetry. The same mass
extracted on the torus vanishes instead.
At sufficiently small γ it is possible to construct lines of constant physics in the
deconfined phase, where the mean-field background is non-zero everywhere. The
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lines are close to the phase boundary and in the regime where the phase transition
is of second order according to the mean-field. In Ref. 70 such a line is constructed
where the Higgs to Z boson ratio is kept fixed to ρ ≡ mHmZ = 1.38 and the Higgs mass
is kept fixed to F1 = mHR = 0.61, where piR is the size of the extra dimension.
From the boundary static potential it is possible to extract also a higher Yukawa
mass which corresponds to an excited Z ′ boson state. Fig. 4 shows the continuum
extrapolation of the ratio mHmZ′
. For mZ = 91.19 GeV the result is a Z
′ mass of
989 GeV. We notice that the fact that the ratio shown Fig. 4 can be extrapolated
also implies the finiteness of the Higgs mass.
5.2. Monte Carlo results on the orbifold
The latest Monte Carlo results, which are favorably pointing towards the suitability
of this theory for describing the electro-weak sector of the Standard Model are
reported in Ref. 72, of which this section is a summary.
5.2.1. Phase diagram
1.5 2 2.5 3
0
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0.4
0.6
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1
1.2
1.4
1.6
1.8
2
Bulk-drivenphase transition
Boundary-drivenphase transition
Measuredpoint
Confined Phase
Higgs Phase
Hybrid Phase0.2
0.6
1.0
1.4
1.8
1.5 2.0 2.5 3.0
β 5
β4
Fig. 5. The phase diagram of the five-dimensional anisotropic orbifold (N5 = 4) in the region of
the Higgs-hybrid phase transition. From Ref. 72.
In Ref. 72, a five-dimensional SU(2) theory was studied on an anisotropic lattice.
On the boundaries, where the ”Standard Model-like” physics would be found, the
gauge group reduces to U(1) due to the orbifold geometry. The study of this model
is intended as a proof of principle: the investigation of a larger model which would
contain, on the boundary, the entirety of the Higgs sector will follow once the theory
has been shown to be viable.
The system has been found to exhibit three phases, characterized by the expec-
tation value of the Polyakov loop: in the confined (de-confined) phase the Polyakov
loop exhibit zero (non-zero) expectation value in every direction. In this context,
the de-confined phase is labelled Higgs phase, because it is where the Higgs po-
tential develops SSB, giving rise to non-zero gauge boson masses. The third phase,
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mZ
on the orbifold. The different shadings of green correspond to ρ < 1 (lightest
shade), 1 ≤ ρ ≤ 1.3 (middle shade) and ρ > 1.3 (darkest shade). From Ref. 72.
which is characteristic only of the orbifold geometry, shows confined dynamics in
the orbifold’s bulk, and de-confined dynamics on its boundaries; it is, therefore,
called hybrid phase. Both phase transitions have been found to be first order for
all explored parameter values. The phase diagram in the (β4, β5) plane for the orb-
ifold with N5 = 4 is shown in Fig. 5. The Figure shows the region where the bare
anisotropy γ ≤ 1. The phase transition line separating the confined and the hybrid
phases originates from the phase transition of the four-dimensional U(1) theory on
the orbifold boundaries. Its appearance is crucial because it changes the properties
of the spectrum in the Higgs phase, as we describe below.
5.2.2. Spectrum and the Higgs mechanism
Although the Higgs mechanism is active everywhere in the Higgs phase, the mass
measurements of the scalar and vector boson (which we identify with the Z boson,
due to the quantum numbers of the operators we use) suggest that only a smaller
region of the parameter space is capable of reproducing the physics of the Standard
Model. Fig. 6 shows the observed value of the ratio ρ ≡ mHmZ on top of the theory’s
phase diagram: the region in proximity of the Higgs-hybrid phase transition is where
ρ approaches the physical value of 1.37.
5.2.3. Dimensional reduction by localization
Exactly in the same region, where the masses of the Higgs and Z boson show the
physical ratio, dimensional reduction is observed. As shown in Fig. 7, the static
potential measured on the boundary (left panel) at (β4 = 2.1, β5 = 1.075, N5 = 4)
is of four-dimensional type, whereas the same observable measured in the orbifold’s
bulk (right panel) is clearly five-dimensional. Moreover, the mass of the Z boson,
which can be extracted from the fit to the four-dimensional Yukawa potential, has
been found to be in perfect agreement with the mass measured in the same point
through spectroscopic calculations. Contrastingly, in the region further away from
the phase transition, where the hierarchy of the masses is unphysical, no hint of
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Fig. 7. The static quark-antiquark potential on the orbifold measured on the boundary (left) and
in the bulk (right) in proximity of the Higgs-hybrid phase transition. From Ref. 72.
four-dimensional physics could be observed neither on the orbifold’s boundaries nor
in the bulk.
On the other side of the phase transition, in the hybrid phase, the static potential
is found to be four dimensional on all space-time layers. The U(1) boundaries exhibit
de-confined physics, consistently with the behaviour of a pure 4-d U(1) theory at
a matching value of the coupling β = β42 .
73 On the other hand, the SU(2) bulk
layers show confinement. Although this phase is not of immediate interest in the
study of the Higgs mechanism, as it does not possess SSB, a deeper knowledge of
what happens in it could prove a useful tool in understanding processes in the Higgs
phase.
While all the results presented here have been obtained on N5 = 4 lattices,
measurements on N5 > 4 have shown no qualitative difference from those quoted,
the only change being that the masses become lighter in lattice units and the region
of the phase diagram where the physical mass hierarchy is found become slightly
larger. This suggests, consistently with the idea of localization, that the extent of
the extra dimension plays only a minor role in the resulting physics.
5.2.4. Effective theory and the Higgs mechanism
Global symmetries are essential for the Higgs mechanism to take place in the non-
perturbative gauge invariant formulation of the theory on the lattice. Elitzur’s
theorem dictates that any physical effect associated with the breaking of a local
symmetry must originate from the spontaneous breaking of a non-trivial global
symmetry.18
In Refs. 35,72 it is shown that the spontaneous breaking of the boundary gauge
symmetry H on the orbifold is governed by the stick symmetry34 S = SL · SR
defined in Eqs. (9) and (10). The order parameter is is the vector Polyakov loop
defined in Eq. (8), which is odd under the stick symmetry S and from which a
nonzero gauge boson mass can be determined. The center symmetry is obtained by
applying twice the stick symmetry. The scalar and vector Polyakov loops on the
orbifold are invariant under the center symmetry (unlike on the torus). As a result,
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the spontaneous breaking of the stick symmetry does not trigger finite temperature
phase transitions but a Higgs-mechanism like phase transition.
The stick symmetry appears to be valid only at finite lattice spacing .72 In the
perturbative continuum limit the symmetry disappears. This explains the absence
of spontaneous symmetry breaking in pure gauge perturbative models of gauge-
Higgs unification.68 In non-perturbative gauge-Higgs unification the spontaneous
breaking of the stick symmetry and the resulting Higgs mechanism make sense only
as an effective theory. The construction of lines of constant physics which describe
the effective theory in a finite range of lattice spacings is work in progress. If they
can be constructed, they will be a proof of the (non-perturbative) finiteness of the
Higgs mass. In addition, they will predict the energy of the excited states of the
Higgs and gauge boson particles to be compared with experimental results.
6. Perspectives
Extra-dimensional models are actively being searched for at the LHC. Non-
perturbative investigations using lattice field theory methods, described in this re-
view, have proven successful in testing several scenarios relevant for gauge-Higgs
unification. Despite the long history of numerical simulations for extra-dimensional
models, there is still no complete description that is directly applicable to phe-
nomenology. Some of the main reasons for this are listed in the following. They
should be used as a reference guide for future works aimed at improving our under-
standing of phenomenologically relevant extra-dimensional models.
Lattice models with one or more extra dimensions are inherently more expensive
in terms of computing cost, and the same is true for larger gauge groups which are
needed to embed the electro-weak sector of the Standard Model. Moreover, it is
technically challenging to define discretized versions of the fermionic algebra when
the number of space-time dimensions is not even. Furthermore, it seems that a
non-trivial continuum limit of extra-dimensional gauge theories is hard to achieve.
Even if such a limit does not exist, lines of constant physics can be constructed when
lattice models are interpreted as effective field theory descriptions with an ultraviolet
cutoff. There are investigations of alternative gauge theories where a continuum limit
in higher dimension might exist. More sophisticated extra-dimensional models are
based on a warped metric and lattice studies consider also these models.
To conclude, we think that this is a very active field and will see significant
advances in the future.
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